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We propose a kinetic model of transport in nonintegrable Hamiltonian systems, based on a fractional kinetic
equation with spatially dependent diffusion coefficient. The diffusion coefficient is estimated from the remainder of the optimal normal form for the given region of the phase space. After partitioning the phase space into
building blocks, a separate equation can be constructed for each block. Solving the kinetic equations approximately and estimating the diffusion time scales, we convolve the solutions to get the description of the
macroscopic behavior. We show that, in the limit of infinitely many blocks, one can expect an approximate
scaling relation between the Lyapunov time and the diffusion 共or escape兲 time, which is either an exponential
or a power law. We check our results numerically on over a dozen Hamiltonians and find a good agreement.
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Statistical treatment of chaotic transport is one of the most
difficult problems in nonintegrable Hamiltonian dynamics.
Despite its importance for many practical problems in various fields, e.g., plasma physics 关1,2兴 and dynamical astronomy 关3兴, we still lack a general and consistent kinetic
theory of transport. The main reason is the complicated nature of the phase space of the typical nonintegrable Hamiltonian system, since it usually contains a “topological zoo”
of regular and chaotic structures mixed on an arbitrarily
small scale. The most promising way for overcoming these
difficulties is, in our opinion, the so-called fractional kinetics
of the phase space 关4兴. Fractional kinetics has become a
broad topic of research not only in Hamiltonian dynamics
but also in very different areas such as solid-state physics 关5兴
and physics of complex systems 关6兴. The basic advantage of
the fractional kinetic equation 共FKE兲 for describing chaotic
transport is that its fractional nature allows one to include the
self-similarity of phase space and time, which arises from the
first principles, i.e., from the dynamical equations. Especially
important is the phenomenon of the so-called stickiness 关3兴
or dynamical trapping 关7兴, which leads to long intervals of
quasiregular motion.
The particular issue that has largely motivated this research is the phenomenon of approximate scaling of diffusion time scales with the Lyapunov exponents or perturbation strength. A number of papers have been published on
this topic, e.g., 关8兴; we are also inspired by the building block
method of 关9兴.
The basic idea of our model is to consider a FKE in the
action space with a nonhomogenous diffusion coefficient and
to combine, i.e., convolve the results to obtain the expected
macroscopic behavior. We use the following form of the
FKE:

*Electronic address: cygnus@eunet.yu
1539-3755/2005/72共2兲/025204共4兲/$23.00

␤ P共I,t兲 ␣关D共I兲P共I,t兲兴
=
+ ␦共I兲t−␤/⌫共1 − ␤兲,
 t␤
 兩I兩␣

共1兲

where 0 ⬍ ␤ ⬍ 1 and 0 ⬍ ␣ ⬍ 2. Its derivation from the
Hamiltonian equations and discussion of assumptions involved can be found, e.g., in 关4兴. Although, strictly speaking,
one should consider a vector of actions, we shall assume that
diffusion along one action coordinate is independent of the
others and consider I as a scalar; alternatively, one could
interpret that as considering only one action variable,
whereas the diffusion along the others is many orders of
magnitude smaller. Both cases have been described in various systems 关2,4兴.
We estimate the diffusion coefficient D as the remainder
of the normal form for the dynamics in the vicinity of a
stable domain, e.g., invariant torus. Splitting the Hamiltonian
H共I , 兲 into an action-only integrable part H0共I兲 = I and the
nonintegrable remainder H1共I , 兲, one can obtain the estimate for the remainder of the form O(f共I兲), i.e., as a function
of the action. Treating the influence of the nonintegrable remainder on the dynamics as the microscopic transport
mechanism, we take f共I兲 from the above estimate for the
diffusion coefficient. Two optimal normal forms are known
as Nekhoroshev and Birkhoff normal forms. Their remainders 关10兴 give the diffusion coefficients DN and DB;
DN = D0exp关− 1/兩I兩兴,

共2a兲

DB = D0兩I兩 ,

共2b兲

where D0 denotes the constant part, which is, in general,
dependent on the properties of the Hamiltonian. For both
cases, there is a constraint  ⬎ 2. The two cases roughly correspond to local nonoverlapping or overlapping of the resonances.
The last step before solving the FKE is the estimation of
the fractional exponents ␣ and ␤. These are intimately related to the self-similarity of the structures involved, and can
be determined from the exponents of the renormalization
group of kinetics of the particular system. This has to be
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done numerically for all but the simplest systems 关4兴. In our
computations, we have employed a “building block” approach similar to that of 关9兴, partitioning the phase space into
several regions, each described with its own FKE, with the
diffusion coefficient 共2a兲 or 共2b兲. However, instead of considering only ballistic flights and Markovian diffusion, as in
关9兴, we propose the adoption of a set of 共␣ , ␤兲 pairs. The
values of the exponents can then be determined by sampling
the flights 共longer than a certain threshold T0兲, and then fitting the distribution of their lengths and durations as ᐉ−共1+␣兲
and t−共1+␤兲, respectively.
It is hardly surprising that we were unable to find the
exact solutions for the FKE 共1兲, with the diffusion coefficients 共2a兲 and 共2b兲, in their most general form. However, the
long-term behavior can be found by expanding the space
derivative on the right-hand side of 共1兲 according to the generalizations of the Leibniz’s rule and chain rule for the fractional operator d␣ / d兩I兩␣; see, e.g., 关11兴 for mathematical details. For the case 共2a兲, we obtain the solution, up to the
normalization factor,
␣
4/␣
P共I,t兲 = E␤共− y 4/
0 − y 兲I1

冉 冑 冊
2e−y

D3/2
0

y0
,
t␤y

共3兲

where I denotes the modified Bessel function of the first
kind, y共I , t兲 = 兩I兩 / 关共 − 2兲冑D0It␤兴, and y 0 = y共I0 , t兲, with I0 denoting the value of the action at t = 0. The Mittag-Leffler
function is denoted by E␤. For the Birkhoff case, one obtains
P共I,t兲 =

y

4/␣

冑I E␤共− y0

− y 4/␣兲I p共2y 0y兲,

共4兲

with p = 共 − 1兲 / 共 − 2兲. We note that, for I , t Ⰷ 1, both y and
y 0 tend to zero. The asymptotic expansions of the MittagLeffler and the Bessel function can then be used to show that
the solutions P共I , t兲 fall off in the infinity sufficiently sharply
to be valid probability distributions. They are the main exact
result of our analysis. We shall use them here to apply the
more advanced building block model and to obtain the approximate scaling relations between the diffusion and
Lyapunov time scales.
N
兲 can be perConvolution over all the solutions 共夝i=1
formed in the usual way, with some entrance probabilities
共actually, statistical weights of each block兲 pi,
N
Pres共I,t兲 = 夝i=1
pi Pi共I,t兲,

共5兲

which give the resulting probability distribution Pres共I , t兲. We
propose this way for examining the behavior of particular
systems. In the limit of infinitely many blocks 关20兴, however,
one can derive a generic relation between the short-time and
long-time diffusion scales.
We next proceed to estimate the typical diffusion time
scales. These can be related to the “escape times” one often
encounters in simulations, e.g., 关8兴. Strictly speaking, the escape time can only be defined in open systems, as the time to
cross the Lyapunov curve 共see 关13兴 for a definition兲. Otherwise, escape time is usually a more or less qualitative term
meant to describe, generally, the time needed to enter a large
connected chaotic region 共“stochastic see”兲 or to experience

a qualitative change of dynamical behavior. In what follows,
we shall consider the escape time as the time scale needed to
reach a fixed I; without loss of generality, we may assume
I = 1.
For fixed I, the solution 共3兲 has a maximum about
2冑y 0 / 共t␤y兲 ⬇ D3/2
0 . Solving this for time t, we obtain the estimate of the time to reach I = 1,
TI=1 ⬇

冉

16共I/I0兲−2
D0

冊

1/␤

.

共6兲

Similarly, 共4兲 reaches its peak at 2yy 0 ⬇ 1, which gives the
following TI=1:
TI=1 ⬇

冉

共II0兲1−/2
共 − 2兲D0

冊

1/␤

.

共7兲

On the other hand, the short 共microscopic兲 time scale of 共1兲
is about D共I兲 / 共⑀␤/␣兲, which may be interpreted as the average time between two “collisions;” in our case, this corresponds to a time needed to cross a single resonance, bearing
in mind that resonance interactions and overlaps are the main
physical mechanisms of transport. Moreover, this time scale
is often considered to be a valid estimate of the Lyapunov
time TLyap 关1,3兴.
Let us now notice that the solutions 共3兲 and 共4兲, with their
exit time scales 共6兲 and 共7兲, can be written in the form of
Fox’s H functions 关6兴. By convolving these functions, one
gets, after a straightforward but tedious calculation, a Fox’s
function again, which may have two asymptotic behaviors.
They scale with the short-time scale of 共3兲 and 共4兲 either as
an exponential law or as a power law. The asymptotic behavior depends on the weights pi and on the sum of transport
exponents 2␤i / ␣i for each building block. Accepting this reasoning and inserting the above estimate for TLyap into 共6兲 and
共7兲, we obtain the approximate scalings for escape time Tesc,

Tesc ⬀ exp共TLyap
兲,

共8a兲


Tesc ⬀ TLyap
.

共8b兲

Let us hold onto this result for a moment. The scaling of
this type has been conjectured long ago 共e.g., 关14兴兲, and it is
implicitly suggested also by the classic work of Chirikov
concerning the regimes of resonance nonoverlapping and
overlapping 关15兴 共the first one being known also as the
Nekhoroshev regime兲. More recently, transition between the
Nekhoroshev and Chirikov regime has been explored by
Froeschle and others 关16兴. However, we show here that the
scaling 共8a兲 and 共8b兲 arises from both basic regimes of chaotic dynamics, and that its type is determined also by the
fractional exponents ␣ and ␤ of different building blocks.
Physically, this means that the sticky 共and thus nonMarkovian兲 nature of self-similar structures in the phase
space can “mimic” the effects of the resonance nonoverlapping. This is logical, since both phenomena effectively put a
barrier into the transport channels. The scalings can be expected to be universal for a given system but are clearly
nonuniversal for different systems, since they depend on the
properties of the Hamiltonian. It should also be noted that,
for N-dimensional 共N ⬎ 2兲 systems, one should take into ac-
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TABLE I. Hamiltonians of the form HInt + ⑀H Pert explored in the simulations. For each Hamiltonian, we give the integrable part HInt, the
perturbation part H Pert, the range of the values of ⑀ in the simulations, the exponents of the scalings  and , and the range of the values of
⑀ for the transition regime. Variables 共Ii , i兲 denote the action-angle variables, whereas 共x , y , z兲 are the physical space coordinates. HO2 and
HO3 denote the harmonic oscillator in two and three dimensions, respectively. HH2 and HH3 refer to the integrable Henon-Heiles Hamiltonian 关13兴 in two and three dimensions: 共ẋ2 + ẏ 2 + x2 + y 2 − 2 / 3y 3兲 / 2 and 共ẋ2 + ẏ 2 + ż2 + x2 + y 2 + z2 − 2 / 3z3兲 / 2, respectively. Hamiltonian H8 is
the egg-crate system taken from 关4兴, H9 is the sixth-order Toda lattice, i.e., the integrable Henon-Heiles system perturbed with its sixth-order
expansion 关1兴, and H14 is taken from 关16兴. See the text for further comments.
H

HInt

H Pert

⑀





⑀trans

H1
H2
H3
H4
H5
H6
H7
H8
H9
H10
H11
H12
H13
H14

HO2
HO2
HO2
HH2
HH2
HH2
HH2
共ẋ2 + ẏ 2兲 / 2 + cos x + cos y
HH2
I21 / 2 + 2I2
I21 / 2 + 2I2 + cos 1
HO3
HH3
共I21 + I22兲 / 2 + I3

⑀xy
⑀x2y
−⑀x2y 2
⑀xy
⑀x2y
−⑀x2y
−⑀ / 冑x2 + y 2
⑀ cos x cos y
sixth-order Toda lattice expansion
⑀共cos 1 + cos共1 − 2兲兲
⑀共cos共1 − 2兲 + cos共1 + 2兲兲
⑀x2yz
⑀xz2
⑀ / 共cos 1 + cos 2 + cos 3 + 4兲

1.00–4.00
0.87–3.50
1.50–6.00
0.00–3.50
1.00–4.00
1.00–4.00
0.00–3.50
0.00–2.00
0.00–4.00
0.00–3.00
0.00–3.00
0.00–2.00
0.80–4.00
0.000–0.100

0.65± 0.07
0.45± 0.05
1.09± 0.03
0.77± 0.08
0.15± 0.03
0.71± 0.05
0.33± 0.05
0.22± 0.04
0.58± 0.03
1.21± 0.04
0.45± 0.05
0.22± 0.03
0.41± 0.04
0.19± 0.03

0.87± 0.05
1.98± 0.06
1.70± 0.04
0.53± 0.03
1.25± 0.06
0.88± 0.04
0.57± 0.03
1.12± 0.08
1.44± 0.04
1.82± 0.07
1.75± 0.07
0.57± 0.03
1.03± 0.08
1.00± 0.04

1.50–1.60
1.28–1.32
3.32–3.70
0.15–0.20
1.12–1.16
1.55–1.66
1.60-1.70
0.34–0.37
0.55–0.60
1.20–1.32
0.85–0.90
0.33–0.45
1.20–1.31
0.055–0.060

count the Arnold diffusion. However, this should be negligible as long as the number of the degrees of freedom is
sufficiently low, especially if we take into account a recent
result which proves its superexponentially slow nature for a
certain class of systems 关17兴.
We have performed thorough numerical tests of our results, by integrating ensembles of particles initially placed in
a cell of the phase space of the given Hamiltonian. We have
inspected the behavior of the perturbed 共quasi-integrable兲
Hamiltonian systems, i.e., of the form H = HInt + ⑀H Pert, since
the constant part of the diffusion coefficient D0 can then
easily be estimated as ⑀2. We have observed the time evolution of the “distribution function,” i.e., concentration of the
particles in the phase space, the escape times, and the scaling
exponents 关by fitting to 共8a兲 and 共8b兲兴. We have also calculated the finite time Lyapunov exponent 共FTLE, see 关18兴 for
a definition兲, as the numerical estimate for 1 / TLyap. The escape time was measured as the time of crossing the
Lyapunov curves, for open systems, or as the time of the
beginning of the first long interval of normal diffusion, for
the closed systems 关21兴. Details on the simulations and on
the approximate scalings of the form 共8a兲 and 共8b兲 found
numerically are summed up in Table I.
Figure 1 gives the comparison between the analytically
and numerically obtained distribution functions, for each of
the cases 共3兲 and 共4兲. Overall agreement can be seen, although it is not perfect. Typical results for the Tesc共TLyap兲
relation are shown in Fig. 2. Agreement with the predicted
approximate scalings is good. The regimes are rather clearly
separated and the transient regime is short, although it does
exist. This behavior could be described as a phase transition
between two regimes of chaotic transport, an idea which is
not new for dynamical systems.

We are unable to explain the abrupt transition from one
scaling regime into another, which occurs in most of our
simulations, and resembles a phase transition. This kind of
behavior could be better described by a discrete model. An
obvious choice is a multiply branched tree 共as proposed in
关19兴兲 or a network, with the transition probabilities derived
from our results for the distribution functions. This would
actually be a formalization of the building block model,
which already 共implicitly兲 includes a network of blocks.
In conclusion, we have proposed a method for obtaining
共and solving兲 the kinetic equations of chaotic diffusion. The

FIG. 1. Analytical 共solid line兲 and numerical 共histogram兲 distribution functions P共I1 , t兲 for the Hamiltonian H14. Action is in relative units. 共a兲 Nonoverlapping resonances for ⑀ = 0.030. 共b兲 Overlapping resonances for ⑀ = 0.060.
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method is based upon using the normal forms of dynamics as
the basic blocks of kinetics. In general case, some parameters
of the model, including the fractional exponents of FKE,
have to be computed from the simulations, as the current
state of Hamiltonian theory does not allow us to estimate
them from the dynamical equations, as noted also in 关4兴. We
have also demonstrated a generic approximate scaling of the
macroscopic diffusion time, often regarded to in simulations
as escape time, with the Lyapunov 共microscopic兲 time scale.
We especially underline that both the power law and the
exponential form of scaling can arise from both possible
forms of the diffusion coefficient, and that the scaling behavior arises from combining the two, i.e., as a kind of collective
behavior.

FIG. 2. An example of the scaling relations between finite time
Lyapunov exponent and escape time. The solid lines denote the
least-squares fit to the scaling relations 共8兲. Scales are logarithmic
on both axes, thus the power-law fit is a straight line. The dashed
reference line for the power law is also shown, as well as the transient region. Time is in relative units from the simulation. The
Hamiltonian is H4.

I am grateful to researchers from the Group for Nonlinear
Optics, Institute of Physics, Belgrade, for discussions and
support during the preparation of this paper and for the processor time for the simulations. I am also indebted to Robert
S. MacKay, Harry Varvoglis, and George M. Zaslavsky
for helpful comments, and for some of the references. Work
at the Institute of Physics is supported by the Ministry of
Science and Environment Protection, under Project
No. OI 1475.

关1兴 A. J. Lichtenberg and M. A. Lieberman, Regular and Stochastic Motion 共Springer-Verlag, New York, 1983兲.
关2兴 J. D. Meiss, Rev. Mod. Phys. 64, 795 共1992兲.
关3兴 G. Contopoulos, Order and Chaos in Dynamical Astronomy
共Springer, Berlin, 2002兲.
关4兴 G. M. Zaslavsky, Phys. Rep. 371, 461 共2002兲.
关5兴 J. Klafter, M. F. Shlesinger, and G. Zumofen, Phys. Today 49,
33 共1996兲.
关6兴 R. Metzler and J. Klafter, Phys. Rep. 339, 1 共2000兲.
关7兴 G. M. Zaslavsky, Physica D 168-169, 292 共2002兲.
关8兴 I. I. Shevchenko, Phys. Lett. A 241, 53 共1998兲; J. Aguirre, J.
C. Vallejo, and M. A. F. Sanjuan, Phys. Rev. E 64, 066208
共2001兲; J. Aguirre and M. A. F. Sanjuan, ibid. 67, 056201
共2003兲.
关9兴 S. Denisov, J. Klafter, and M. Urbakh, Phys. Rev. E 66,
046217 共2002兲.
关10兴 A. Morbidelli and M. Vergassola, J. Stat. Phys. 89, 549
共1997兲.
关11兴 I. Podlubny, Fractional Differential Equations 共Academic,
New York, 1998兲; A. I. Saichev and G. M. Zaslavsky, Chaos
7, 753 共1997兲.

关12兴 G. M. Zaslavsky, Physica A 288, 431 共2000兲.
关13兴 H. E. Kandrup, C. Siopis, G. Contopoulos, and R. Dvorak,
Chaos 9, 524 共1999兲.
关14兴 A. Morbidelli and C. Froeschle, Celest. Mech. Dyn. Astron.
63, 227 共1996兲.
关15兴 B. V. Chirikov, Phys. Rep. 52, 265 共1979兲.
关16兴 C. Froeschle, M. Guzzo, and E. Lega, Science 289, 2108
共2000兲; M. Guzzo, E. Lega, and C. Froeschle, Physica D 163,
1 共2002兲.
关17兴 A. Morbidelli and A. Giorgilli, J. Stat. Phys. 78, 1607 共1997兲.
关18兴 N. Voglis and G. Contopoulos, J. Phys. A 27, 4899 共1994兲.
关19兴 J. D. Meiss and E. Ott, Physica D 20, 387 共1986兲.
关20兴 This should be realistic for most systems, since each block, in
a typical case, actually has a multifractal structure 关12兴, which
is analogous to consisting of many “sub-blocks,” each one
having different fractional exponents.
关21兴 The length of this interval has to be determined empirically. It
should warrant that the particle has entered the large connected
stochastic sea, so that the probability that the particle is
trapped again is very low.

025204-4

